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Abstract: We discuss the structure of topological defects in the context of extra dimensions 
where the symmetry breaking terms are localized. These defects develop structure in the 
extra dimension which differs from the case where symmetry breaking is not localized. This 
new structure can lead to corrections to the mass scale of the defects which is not captured 
by the effective theory obtained by integrating out the extra dimension. We also consider the 
Higgsless model of symmetry breaking and show that no finite energy defects appear in some 
situations where they might have been expected. 
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1. Introduction 

Much recent model building work has made use of additional dimensions beyond the 3+1 
with which we are familiar. These efforts are largely motivated by an attempt to relate the 
vastly different scales of gravity and the electroweak theory in a natural way. The possibilities 
for doing this have been greatly expanded through many new tools which become available 
with extra dimensions, but one common feature to nearly all of these models is the presence 
of symmetry breaking terms localized to a hyper-surface (brane) in the extra dimension. For 
some models, it is simply the electroweak symmetry which is broken at a boundary ill I, 
while in other cases it could be left-right symmetry i 1,0 or GUT symmetry 
[T^ that is broken on the brane. 

The formation and evolution of topological defects which result from the breaking of 
some symmetries is also a well studied topic. The type of defect that could form in a symme¬ 
try breaking transition depends on the topology, specifically the homotopy structure of the 
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vacuum manifold of the theory, while how many form in a given situation as well as their 
subsequent evolution is a dynamical question |14, It is well known, for example that 
GUT symmetry breaking allows for the formation of monopoles and that they can give rise 
to cosmological problems |16|. In addition, many models lead to either global or local strings 
and walls, as can be found in the comprehensive reviews [^, Even the electroweak 

symmetry breaking in the standard model allows for textures which separate different vacua 
labeled by the Higgs field winding number or the Chern-Simons number. Transitions between 
these vacua mediate changes in baryon plus lepton number and are a key ingredient in models 
of electroweak baryogenesis [^|. 

In the presence of an extra dimension, defect solutions have been extended from the 4 
dimensional case if the extra dimension is homogeneous |H|. However, when the symmetry 
breaking is localized so that the symmetry remains unbroken in the bulk of the extra dimen¬ 
sion, the structure of these defects may be modified. The essential reason for this modification 
can be understood in a simple way. When the symmetry is broken throughout the bulk of the 
extra dimension, the field profile for defect solutions is homogeneous in that extra dimension 
because the potential is homogeneous. In some sense, the defect itself is spread out across the 
new dimension. However, if the symmetry breaking is localized to one boundary, then the 
defect will try to interpolate between the symmetry breaking solution on the boundary and 
the unbroken solution in the bulk. It is now possible that the defect will in some sense (to 
be made more precise later) be localized to the symmetry breaking brane. It is also possible 
that the defect will remain, more or less, spread across the extra dimension. Which situation 
is actually realized will depend in general on the type of symmetry under consideration as 
well as on the choices of parameters in the scalar potential. 

In this paper, we consider the structure of topological defects in spaces with one flat 
extra dimension where the symmetry breaking is localized on a single brane. To be specific, 
we will look at the static solutions for both a global and local U(l) symmetry. In 3-1-1 infinite 
dimensions it is well known that these models lead to global and local strings, respectively. 
Similarly, in our extra dimensional setup defects will form for some values of parameters, 
even if the symmetry is not broken in the bulk of the extra dimension. We will show that 
this symmetry breaking can be understood from the perspective of a simple 4 dimensional 
effective theory, but also that the effective theory does not capture enough of the 5 dimensional 
physics to correctly predict the tension of the resulting strings. This is actually equivalent 
to the statement that solutions which are homogeneous in the bulk do not correctly describe 
the strings coming from boundary localized symmetry breaking. 

Of course if the defects are spread across the extra dimension in any sense then it is no 
longer strictly correct to call them strings. However, from the perspective of the low energy 
observer who can only probe the large 3-1-1 dimensions, they still look like strings. For lack 
of a better term, we will continue to call all these structures strings in both the 4 and 5 
dimensional theories. Similar situations can occur for other defects as well. 

In the case of a global symmetry, the localization of the symmetry breaking induces a 
non-trivial profile for the scalar field, especially near the core of the defect. In the case of 
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a local U{1) symmetry, only the gauge field has a non-trivial profile in the extra dimension. 
For either case, it is clear that the 4-dimensional effective field theory obtained by naively 
integrating out the extra dimension will not contain this information. In particular, observers 
restricted to the symmetry breaking brane will not be able to infer the correct value of the 
string tension /r. This could have some cosmological applications since the evolution of a 
string network depends crucially on the dimensionless parameter Gat/t [^ . 

Similarly, in the electroweak theory, the energy scale associated with the sphaleron saddle- 
point configuration between two vacua controls the rate of baryon violating transitions in 
models of electroweak baryogenesis p0| . What this means is that, when looking at defects 
in higher dimensions, care must be taken to incorporate the full defect profile, including its 
behavior in the extra dimensions in order to compute the correct value of the defect’s energy 
density. 

In the case of the local symmetry, another question arises when we consider the Higgsless 
models of electroweak symmetry breaking ||5|. In this category of models, the symmetry is 
spontaneously broken through the choice of boundary conditions rather than by placing a 
Higgs field on that boundary. However, these same boundary conditions may be realized by 
making use of the Higgs mechanism and then taking the Higgs vacuum expectation value 
(VEV) to infinity. By repeating this procedure with a defect solution, we will see that 
an Abelian theory with a broken local symmetry will only support infinitely massive and 
small topological defects in the absence of a Higgs field. We make use of a generalization of 
Derrick’s theorem 1231 to show that in three large dimensions no finite energy static defects 
may exist without a Higgs field. Similarly, non-Abelian theories are somewhat constrained. 
The Higgsless models may then provide another possible method for removing unwanted 
defects from a theory. 

Section contains a discussion of the breaking of a global U{1) symmetry which is broken 
in to two parts. We first briefly discuss the 4 dimensional case which, while well known, is 
necessary to make accurate comparisons to the extra dimensional case in the second part. 
We then discuss the breaking of a local 17(1) symmetry in section ^ and again compare the 
4 and 5 dimensional solutions, taking a special interest in comparing the string tensions as a 
function of the size of the extra dimension. Finally, section treats the Higgsless models and 
we summarize our results in section 


2. Global Symmetry Breaking 


We wish to begin consideration of localized symmetry breaking with a very simple example 
where it is possible to visualize the solutions easily and where some aspects of the problem 
can be solved analytically. We will therefore consider a single scalar field with a global 
C/(l) symmetry. After symmetry breaking the vacuum manifold is topologically a circle 
which, through winding at infinity, can support the well known global string in three spatial 


dimensions |]A]. In the presence of an extra dimension where the vacuum manifold is still 
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a circle, but the symmetry breaking is localized, we will find a modified string with a new 
structure along the extra dimension and a modified tension. 


2.1 Global Strings in Fonr Large Dimensions. 


In preparation for comparison with the extra dimensional case, we first review the standard 
breaking of a global 17(1) symmetry in 3 + 1 large dimensions. We will want the results from 
this case to understand what new features arise from the addition of an extra dimension, as 
well as to make a comparison of the energy density in the 4 and 5-dimensional strings. We 
start with the following action for a complex scalar field: 


S = 





( 2 . 1 ) 


where the scalar has a constant, homogeneous solution, \(f>\ = V 4 , with zero energy density. 
The static solutions which correspond to a topological defect have a winding of the form 


(j)ir,e,z) = 


( 2 . 2 ) 


where r is the radius from the core of the string and 9 is the polar coordinate going around 
the string. These solutions are both homogeneous in the third spatial direction, z, as well as 
static. From the action (2.1) we can derive the equation of motion for /(r): 


-^dr {rf'{r)) + ^/(r) {f{rf - l) /(r) = 0, (2.3) 

which we will solve numerically later. It would be reasonable to simplify this equation further 
by rescaling the radial coordinate by V 4 to make it dimensionless and remove U 4 from the 
equation. However, to make comparison with the 5 dimensional case later, we leave the V 4 
explicit. These winding solutions must reduce to the vacuum far from the core of the string 
and have continuous field values in the core, so /(r) has the boundary conditions: 


/(O) = 0, lim /(r) = 1. (2.4) 

r^oo 

Once we have a solution for /(r) we may calculate the tension of the string by integrating 
the energy density over the two spatial dimensions transverse to the string: 


^4 = j r dr dO p{r, 9) 

= 27 ru 4 J r dr 


j /2 _|_ !!_ j 2 MV 2 i ,^2 


A4U4 




(2.5) 


It is well known that this integral for the global string tension does not converge. This may 
be seen through a power series expansion far from the string showing that the energy density 
does not fall to zero fast enough. If we suppose that there is a network of strings with positive 
and negative winding number separated by some characteristic scale R then we may impose 
a large distance cutoff on the integral. In this case the string tension scales with the log of 
the cutoff scale: 

^4 ~ 27ru|n^ In(u4i2). (2-6) 
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2.2 Symmetry Breaking with a Homogeneous Extra Dimension 

If we imagine for a moment, an extra dimension compactified on a circle (with periodic bound¬ 
ary conditions), such that the theory is homogeneous in the extra dimension, then the above 
work extends trivially. The winding solution will simply be homogeneous in the new dimen¬ 
sion. In other words, this is a 2-brane which wraps around the compact 5th dimension. From 
the perspective of a low energy observer who sees only the large uncompactified dimensions, 
this looks like a string as we would expect. 

We can illustrate the point by extending the action above to a fifth dimension y: 


S 



z 


A4 

4L 




(2.7) 


where the factors of L are chosen such that engineering dimensions of the coefficients and (j) 
are the same as the 4 dimensional case. The solution, as above is: 


(p{r,e,z,y) = U4e*”®/(r), 


( 2 . 8 ) 


with homogeneity along the string and in the extra dimension (in 2 : and y respectively). The 
function / must satisfy the same equation of motion and boundary conditions as before. 
We may introduce an effective theory which captures all of the physics of the string by 
replacing (p{x^,z) (p{x^) and integrating out the extra dimension. The point here is that 

this procedure for writing down the effective theory is the same whether we are considering 
vacuum solutions or winding solutions. The reason is that neither the vacuum nor the string 
solutions depend on the extra coordinate, 2 . Doing this yields an effective action that is the 
same as the original 4-dimensional action. By contrast, if a solution with non-trivial winding 
were to have a structure along the extra dimension which differs from the vacuum solution 
then we would need a different effective theory for each value of the winding number n. This 
is what we will find in the next sections. 


2.3 Symmetry Breaking Localized on a Brane 

Suppose now that the symmetry breaking terms are localized in the extra dimension. The 
bulk contains only a mass term for our complex scalar, while the brane has the usual symmetry 
breaking term: 

S = J d‘^x J dy - n?\(l)\^ - 6{y - . (2.9) 

Again, y labels the extra compact dimension. The notation is chosen so the A is dimensionless, 
while V, A, and m all have units of mass. The metric is mostly minus with M and N 
running over all five dimensions. The important change from the case of the homogeneous 
extra dimension is that the vacuum solution is necessarily dependent on y. In the bulk, the 
potential is minimized at (p = 0, but on the symmetry breaking brane at y = L, the potential 
is minimized by \(p\ = . Any solution will therefore interpolate between these two and 
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the VEV will be something less than that set by the scale v on the brane. It is easy to find 
a solution which is homogeneous in the 3 infinite dimensions, but the winding solution will 
require a numerical calculation. 

The equation of motion resulting from the action of eq. (2.£) is: 


d‘f4> — — dl(p + m^4> = 0 . 


( 2 . 10 ) 


We explicitly separate out the time and space components of the derivative because we will 
be seeking static solutions. The vacuum solution is 


(j) = acosh(my) + 6sinh(m?/), 


( 2 . 11 ) 


where we have used the symmetry to make (j) real. We will sometimes refer to this solution 
as the n = 0 solution since there is no winding. The boundary conditions also come from the 
variation of the action, taking care with the integration by parts. They are: 


dy(j)\y=0 — 0 

dy^\y=L = ^\y=L- (2.12) 

These conditions imply b = 0 and 


a = 


1 

cosh(mL) 



2mh?‘ 

A 


tanh(mL). 


(2.13) 


Naively, we could allow the imaginary solution for a, since the field is complex. However, the 
boundary condition cannot be satisfied if < 2mA^/A tanh(mL) since for small enough u, 
the positive bulk mass squared term dominates the negative brane symmetry breaking term 
and the only solution is 4> = 0. We will see this more clearly from the effective theory in the 
next section. 

We may calculate the effective 4 dimensional energy density of this solution by integrating 
over the extra dimension: 


Pn=0 — 


dy dy(j?+ n?(j?+ 5{y - 


= mtanh(mL) ( — 


mh? 


tanh(mL) 


(2.14) 


This is the (classical) cosmological constant in this model which we will need to subtract off 
of the energy density for the winding solutions in order to compare with the 4 dimensional 
theory where the cosmological constant was already set to zero. That this solution is in fact 
lower in energy than the trivial (j) = 0 solution can be seen from the difference in 4 dimensional 
energy densities: 

Pi=0 - ^1=0 = ^ tanh(mL)^ > 0. (2.15) 
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2.4 The Four Dimensional Effective Action 

We have seen that the VEV of the field on the symmetry breaking brane is not set by v alone 
as it would be if the bulk did not exist or if m = 0. Instead it is 

I 2m A ^ 

4>{y = L) = y - - — tanh(mL) < (2-16) 

This can be understood in a quantitative manner from the perspective of a 4 dimensional 
effective theory by promoting a to a 4 dimensional scalar. We make the replacement 


1 ^ —> a (x^) cosh(my) 


(2.17) 


in the action ( |2.9| ) and integrate over the bulk. The resulting action does not yet have a 
canonically normalized field, but we can still consider the location of the minimum by setting 
the first derivative of the potential to zero. It is located exactly at the value of a given in 
equation ( 2.13 ) by solving the bulk equation of motion. 

Once we do rescale the field a{x^) we may compare with the action in equation dP) and 
identify the effective 4-dimensional mass squared and coupling, — A 4 u|, A 4 : 


A 4 


ml = -A4U4 


4A cosh'^ (mL) 

A^77 . sinh(2mL) \ ^ 

2^ ) 


2 A cosh^(mL) 

-\ I sinh(2mL) 
2ml 



2mh? 

A 


tanh(mL) I . 


(2.18) 

(2.19) 


Note that the 4-d effective mass squared is negative for exactly the region of parameter space 
which allowed a non-zero value for a in the previous section. Decreasing v (or increasing 
the bulk mass) just increases the mass squared in the 4-d theory until the symmetry is 
restored. These relations will be important later to compare the 4-dimensional and brane 
world calculations of the string tension. 


2.5 Non-Trivial Winding 

We now want to consider solutions which wind on the brane. These solutions will necessarily 
depend on both y and r. The delta function contribution to the potential on the brane means 
that the solution must have y dependence, interpolating again between (/> = 0 in the bulk and 
(f) = 1 ) 3/2 brane. The winding of these solutions further implies that the field must go 

to zero in the core of the string and approach the vacuum solution far from the string, thus 
having r dependence as well. Separable solutions for the differential equation will not work 
because of the nonlinear boundary condition on the symmetry breaking brane, so we try the 
following anzatz: 

<() = p(r,y)e-^ (2.20) 

with p real. Again, the solution we are seeking is homogeneous along the string and static. 
As in the 4 dimensional case without a brane, we must impose the boundary condition p = 0 


- 7 - 










at r = 0 to render the field continuous. Also, infinitely far from the string, the field should 
approach the value of the n = 0 solution. 


lim p{r,y) = acosh(m?/). 

r—»-oo 


( 2 . 21 ) 


The boundary conditions at y = 0 and y = L are unmodified from above. With these four 
boundary conditions and the second order bulk equation of motion, the problem is completely 
specified and we may numerically solve for the profile of this “string” (recall our comments 
above; it really is a 2-brane, but will look like a string to observers restricted to the symmetry 
breaking brane). 

Before this problem can be solved numerically, we make the equations dimensionless 
by scaling by the appropriate power of the bulk mass m, and by performing the rescaling 
p v^l‘^p. The bulk equation of motion now reads: 

(dl + -dr{rdr) - ^ - l) p{r,y) = 0, (2.22) 

\ ^ r J 

while the four boundary conditions are: 


dyP{f,y)\o = 0 

dyp{r,y)\L = -A {p^{r,L) - l) p{r,L) 
p[r = 0,y) = 0 

lim p{r,y) = \l^ " tanh(L)/A. 

r^oo COSh(Tj ^ 

Only three dimensionless parameters are left: L, n, and 


A = 




(2.23) 

(2.24) 

(2.25) 

(2.26) 


(2.27) 


Starting from an appropriate ansatz satisfying the boundary conditions, we may use a 
relaxational technique to solve for the profile of p{r, y). As expected, the system settles down 
into the solution we are seeking and on the symmetry breaking brane (at y = L) has the 
profile given in figure More generally, the solution for p{r, y) throughout the bulk is shown 
in figure We may numerically integrate the 4-dimensional energy density over r and 6 to 
get the mass per unit length of this defect. Of course there will be a divergent contribution 
coming from the fact that the homogeneous, n = 0, solution has non-zero 4-dimensional 
energy density (cosmological constant). So, instead we calculate the difference in energy 
between these two solutions to get the mass per unit length of string: 


J dy (^yp^ + drp^ -h ^p^ + 

-I-— (p(r, L)^ — l) ^ — tanh(L) | 1-^ tanh(L) 

2 \ 2A 



(2.28) 







P (r) 



Figure 1: The value of the string prohle on 
the symmetry breaking brane, p(r, L), for the 
two solutions: n = 0 (flat line) and n = 1. 
All quantities are in units of the bulk mass 
parameter. We have chosen n = 1, L = hjl, 
and A = 3. 


p(r,y) 



Figure 2: The value of p(r, y) throughout the 
bulk with the same parameters as before. The 
value for r goes from 0 to 8, while y goes from 
0 to 2.5. 


Notice that although v is no longer a part of the equations of motion or boundary conditions, 
it still affects the string tension in a way similar to the case of the 4-dimensional string. 
Recall that in this expression v is dimensionless and this string tension is in units of m. We 
plot the 4-dimensional energy density as a function of r in figure |3| (that is the quantity 
inside the square brackets in the expression for the string tension). As in the case of the 
4-dimensional global string, the string tension diverges logarithmically with radius. In fact, 
since the winding solution approaches the non-winding solution far from the string and the 
physics of the non-winding solution is well described by the effective theory obtained by 
integrating out the extra dimension, this agreement in energy density for the winding of the 
full theory and the effective theory far from the string is expected. 

We now turn to the 4 dimensional problem specified in section 2.1. In order to make 
a direct comparison between the effective and full theories, we need the relation between 
the 4 and 5 dimensional parameters in the rescaled, dimensionless units. Equations ( p.l8 ) 
and (2.1£) become: 


A4 


A4u| 


8A cosh^(L) 

sinh(2L) ^ 

2l ) 



4A cosh^(L) 

L 1 4_ siPh(2L) 


1 — ^ tanh(L) 


(2.29) 

(2.30) 


Notice that v\ is proportional to so the tension for both the 4 and 5 dimensional strings 
have a leading factor of which can be dropped. We then calculate the energy per unit 
length of string as a function of r, the distance from the string. This is shown in figure 
The shape of both curves are similar, however, the amplitudes near the core of the string 
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1.5 
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Figure 3: A comparison of the energy density as a function of r in the cases where symmetry breaking 
happens on the brane (lower curve) and the pure 4-d model (upper curve). The string tension comes 
from multiplying these curves by 2Trv^r and integrating over r. The difference goes to zero faster than 
1/r^ at large r, so they have identical large distance log divergences as they must if the effective theory 
is to capture the IR physics. 


differ: the energy density for the effective theory is larger. To compare the actual string 
tension, we need to impose a cutoff in r, which in the absence of a cosmological context for 
our problem is fairly arbitrary. By integrating to r = 2, we hnd the relative difference in the 
string tensions to be 17%. Of course choosing a much larger distance cutoff would make the 
relative difference in tension smaller. 


2.6 Limiting Behavior 


Several regions of parameter space can be understood analytically. We have already seen that 
for large values of the bulk mass or small values of v, the symmetry is restored and there are 
no winding solutions. In terms of the dimensionless parameters, this corresponds to small A. 
For large A, the field on the symmetry breaking brane far from the string will approach 


as can be seen simply from the boundary condition ( 2.26 ). In this case, the potential on the 
boundary is dominating over the mass term in the bulk. 

One check we can make is to consider the small L limit. In this case we expect that the 
effective theory should give a very good description of the physics of the string in the full 
theory. That this is the case can be seen from expanding the solution for pm. my. 


p{r,y) = A{r) + B{r){myf + ..., 


(2.31) 


where the term linear in y must have coefficient zero to satisfy the boundary condition at 
y = 0. As may be expected, B{r) is order one as seen in numerical solutions, and so for a 
small extra dimension (mL <C 1) even the winding solution is nearly homogeneous across the 
extra dimension. Using this expansion for the wave function, integrating over the y direction, 
and then rescaling the scalar field by \/Z, the action in equation (^) reproduces the 4 
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dimensional theory to leading order in mL 


S = 


/a{ 




A 


4A2L2 


{\<P\‘^-v^L)Hil + 0{mL)) 


( 2 . 32 ) 


This is just a restatement of the fact that for a homogeneous theory, the effective theory 
captured all of the physics of the string. It may be checked that the parameters in this action 
agree with the small L limit of the 4-dimensional parameters in equations ( 2.1^ ) and ( 2.19| ). 

We may also consider the large L limit. Far from the string, the field value drops off 
exponentially away from the symmetry breaking brane. So although this object is extended 
in the extra dimension, its profile is suppressed. On the symmetry respecting brane and far 
from the string, the field approaches: 


(j) = 



2mA. ^nd ^—rriL 


( 2 . 33 ) 


So in this sense the defect is trapped on the symmetry breaking brane. Of course, the 
masses of KK excitations decrease as the size of the extra dimension grows, and so in any 
phenomenological context there would be a limit on how far this parameter could be pushed. 


3. The Local String 

We now turn to consider the breaking of a local U{1) symmetry by a boundary localized 
Higgs field. This problem is more interesting from the point of view of model building since 
it is the Abelian version of some models of physics beyond the standard model and because 
we will be able to explore the interesting question of whether topologically stable defects may 
form in the absence of a Higgs field when we take the large VEV limit. We begin again with 
the 4 dimensional theory, which has been discussed at length ||^, so that we may clearly 
contrast this with the extra dimensional model. 


3.1 The Four Dimensional Local String 

We start with the action 


5 = j d^x 


where 


(3.1) 


= (< 9 ^ - ieA^) (f) ( 3 . 2 ) 

- dyA^. ( 3 . 3 ) 

We may make A^, (j), and dimensionless by scaling by the appropriate power of v. Fur¬ 
thermore, we make the rescaling scale x^ x^ je so that there is only one parameter in the 
model, f3\ 


e {dfj, - iAf,) 



(3.4) 

(3.5) 
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Our anzatz for the winding solutions will be 


(3.6) 

(3.7) 


0 = /(r-)e*"' 

71 

= (0,0, -a(r),0). 
r 


We have used polar coordinates so that the components of are {t,r,9,z). The equations 
of motion which follow from this anzatz are 


0 = ^dr (r/'(r)) 



n 


(1 - a{r)f + f3 {f{rf - l) 


fir) 


2/(r)2(a(r) - 1). 


(3.8) 

(3.9) 


We also need to specify boundary conditions. To minimize potential and gradient terms at 
infinity, we must have 

lim a{r) = 1, lim /(r) = 1. (3.10) 

r^oo r—>oo 

With these values for a and / far from the string, the fields will be gauge equivalent to the 
trivial winding vacuum; A^ = 0 and </> = 1. Continuity of the solutions in the core of the 
string imply 


lim a{r) = 0, lim /(r) = 0. 

r—>0 r—>0 


(3.11) 


In fact, a must go to zero quickly (as r^, not just as r) so as to avoid a divergence in the last 
term of the string tension (the gradient of the gauge field). However, we cannot require this 
as a boundary condition since that would lead to an over-specified problem. It will turn out, 
though, that this fall-off is true numerically. For the string tension we find that 


/r = 2 ' kv ^ 




(3.12) 


We may simplify this expression slightly by integrating the last term by parts and using the 
equation of motion for a. 


fi = 2 'kv^ 


= 2ttv^ g{(3). 


rdr 




+ 2 'kv^ lim 
r —>^0 


adi 


a 


(3.13) 

(3.14) 


Notice that the factor (1 — a) is no longer squared. If we also make use of the fact that a goes 
to zero as then the last term is zero. Following | ]17[ | we have defined a new function g(/3) 
which we can numerically plot (see figure to understand the string tension as a function of 
our one free parameter. 
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3.2 Local Symmetry with Brane Localized Higgs 

We now turn our attention to the U{1) gauge symmetry in a flat extra dimension. We will 
allow the gauge fields to propagate in the bulk, but restrict the Higgs to one boundary. The 
action is 


S 


d!^x dy 







(3.15) 


Now we must vary the action to find the equations of motion, taking care with the surface 
terms so that we also get the boundary conditions. The bulk equation of motion for Am is 
simply 


Fmn = 0 , 


(3.16) 


since in the bulk there is nothing but a free, Abelian, gauge field. The scalar equation of 
motion has the same form as before since it is trapped on the 4-dimensional brane. We repeat 
it here for completeness: 

0 = + (3.17) 

This equation depends of course on the 5-dimensional parameters, such as the charge 65 , so 
that = dfj_ — ie^A^. The boundary conditions are: 

y = 0 : = 0 

y = L: F 5 ^, + ie 5 {cl)*V^(^-{V^cj)y(l)) = 0. (3.18) 

First consider the vacuum, or trivial n = 0 winding solution: 


(f) = V Am = 0 


(3.19) 


This solution to the equations of motion and the boundary conditions differs qualitatively 
from the global string case because there is no dependence on the extra dimension. This 
would imply that a simple effective theory could capture all of the string physics if the 
winding solutions displayed the same homogeneity in the bulk. However, we can see from the 
boundary condition that gradient terms from the winding of the Higgs will force the gauge 
field to have a profile in the bulk. By looking ahead to equation ( p.28 ) we may note that 
this vacuum solution has zero energy density, so we will not need to subtract off a (classical) 
cosmological constant as we did for the global string. 

In order to be able to compare the winding solutions of this theory with an equivalent 
4-dimensional theory, we need to consider equivalent parameters. As we did for the global 
symmetry, we match the 4 and 5 dimensional parameters by considering the effective theory 
which results from substituting 


AMix", z) Af.ix"), As = 0 


(3.20) 
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and integrating out the extra dimension. Because the scalar is trapped on the brane, A and v 
will be equivalent to what we had before, which we have already anticipated by using the same 
variables. However, the gauge field samples the bulk and a low energy observer scattering (j) 
particles would measure a gauge coupling e for an effective 4-dimensional theory given by 


L 


e 


2 

5 



(3.21) 


Therefore we will want to express the problem in terms of e (or (3) rather than 65 . 

We will look for static solutions which have Aq = 0 = A^. We will again make everything 
dimensionless by scaling by the appropriate power of v. We also rescale the four coordinates, 
x^, by the 4-dimensional charge, set f3 = A/(2e^) and rescale the gauge field by Vl. We 
scale 7 / by L so that the new coordinate for the extra dimension runs from 0 to 1. Note that 
this will not put all of the charge dependence in (3 as it did for the 4-dimensional case. It 
will still appear in the combination = Le\. In the limit of a small extra dimension, this 
parameter will drop out when 65 is taken to be fixed and we have just as many parameters 
as in the 4-dimensional case. 

For a winding solution, we modify our ansatz by allowing the function a to have y 
dependence: 


<(> = fir)e 


inO 


n 


Af, = (0,0, -a(r,y),0) 


The equations of motion now become 


0 = 


L^e^rdr ( -dr j + dy 


air,y), 


0 = -dr {rf'ir)) - 


n 


{1 - a{r,y)f + (3 - l) 


fir)- 


The boundary conditions take the form 


(3.22) 

(3.23) 


(3.24) 

(3.25) 


y = 0: dya = 0 (3.26) 

y = l: dya = 2L^e‘^f{l - a). (3.27) 

Far from the string and in the core of the string / and a must satisfy the same boundary 
conditions as the 4-dimensional winding solution, equations (|3.1C| ) and (H) respectively, 
so that the solution approaches a vacuum and is continuous. The fact that the boundary 
condition far from the core of the string implies that the gauge field is independent of y 
means that the total magnetic flux through the string is a constant in y as can be determined 
by integrating the gauge field around the circle at infinity for any value of y. 

The energy density is similar to the expression in the 4-dimensional case: 

P = ^ {'Sto - 1 ) + f - 1 )') + + ^ 4 } . (3-28) 
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giving a string tension of 


^ = 2'kv'^ 



-If 


+ 





(3.29) 


As a check, we may notice that if a has no y dependence, this expression reduces to exactly 
that of the string tension in the 4-dimensional case. One might worry about what happens 
to the energy density as L —> 0, since L appears in the denominator. We can integrate the 
last term by parts, make use of the equations of motion and boundary conditions, and see 
that the string tension becomes 


/i = 27rn^ J r dr 
= 2'Kv‘^g{(5), 


1 


(3.30) 

(3.31) 


where a is evaluated at y = 1. We have again made use of the fact that a is 0{r‘^) at 
small r. This is exactly the same form as the expression for the 4-dimensional string tension. 
Although the bulk contribution to the string tension drops out of this expression after using 
the equations of motion, there is still a nonzero energy density in the bulk, as can be checked 
with the numerical solutions below. 


3.3 Numerical Comparison 

Using a similar relaxational numerical technique as before to solve for the functions / and 
a in both the 4 and 5-dimensional models we find that with reasonable initial guesses for 
both, they settle quickly into the sought-after solutions. The profile for the Higgs field, /(r), 
is shown for both models in figure while the profile of the gauge field, a, is in figure ^ 
and As can be seen from figure the winding of the gauge held extends across the extra 
dimension without being exponentially damped as the scalar held prohle was in the case of 
global symmetry breaking, hgure ||. The gauge string is much more extended across the extra 
dimension than the global string was. 

We have calculated the energy density as a function of radius from the string, r, for each 
case and the result is shown in hgure 0. The energy density in the core of the 5-dimensional 
string is considerably higher than in the 4-dimensional string but this is more than offset 
in the string tension by the fact that the 4-dimensional string has more energy density near 
r ~ 1. In both cases, the energy density falls off exponentially at large radius so that the 
total string tension is hnite. 

We have also plotted the string tension, g{(5), for the 4-dimensional model and for various 
values of in the 5-dimensional model, hgure The string tension of the 5-dimensional 
model seems to be converging to the 4-dimensional model as becomes small, as we 

expect. 
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f (r) 



Figure 4: The profile for the Higgs field as 
represented by the function, /(r). The bottom 
curve is from the 4-dimensional model. The 
parameters for this solution are /3 = 1 and for 
the 5-dimensional model, = 5. 


a(r) 



Figure 5: The profile for the gauge field. The 
bottom curve is a(r) from the 4-dimensional 
model while the top curve is the gauge field on 
the symmetry breaking brane: a(r,L). Both 
curves are going to zero as r^. The model 
parameters are the same as before. 


a(r,y) 



Figure 6: The value of a(r, y) throughout the bulk. The model parameters are the same as in figure |[ 
The value of r goes from 0 to 8, while y goes from 0 to 1. 


4. Higgsless Models 

Some recent efforts to address the hierarchy problem with an extra dimensional setup have 
made use of boundary conditions, rather than a Higgs field, to break the symmetry sponta¬ 
neously It was found that in a pure gauge theory, the variation of the action could be 
set to zero through several different choices of boundary conditions. In a gauge theory the 
choice of Dirichlet conditions on one end and Neumann on the other, for example, had the 
effect of giving a mass to the lowest KK mode for the gauge held which would otherwise have 
been massless. That this gauge symmetry breaking is spontaneous might be guessed from 
the fact that the Lagrangian is gauge invariant. In addition the unitarity violations which 
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p 



Figure 7: The energy density of the string solution as a function of r. This is the quantity in square 
brackets in equation ( 3.30| ) and this figure is analogous to figure The 5-d model peaks at a higher 
energy density in the core of the string, but the string tension comes from multiplying these functions 
by 27rrw^ and then integrating. As a result, the string tension for the 5-d model is smaller. The 
parameters are the same as figure 0. 


are common to generic massive gauge theories do not occur if the mass arises from boundary 
conditions through this action principle. 

We want to understand then what happens to topological defects if the symmetry is 
broken by boundary conditions. Without a potential for the Higgs boson with a non-trivial 
vacuum manifold we might immediately think that there is no possibility for a stable defect 
solution. However, in the Higgsless construction of gauge symmetry breaking, the component 
of the gauge field in the compact dimension, A^, plays the role of the Goldstone boson which 
is eaten to make the gauge field massive. It seems that there is some possibility for structure 


g(/3) 



Figure 8: The string tension, g{/3). The top line is the 4-d model where ( 7 ( 1 ) = 1. The next three 
lines down are for the 5-d model with = 0.2,1.0, 5.0 respectively. 
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in the field to give rise to a winding. We will see, though, that for an Abelian theory this 
does not happen. The structure of the equations of motions and boundary conditions allow 
for a very simple scaling argument which rules out any stable, finite energy, defects in an 
Abelian Higgsless model. In non-Abelian theories, the picture is more complicated and there 
may still be a possibility for defects in some cases. 

At this point, the choice of boundary conditions seems like an arbitrary choice for the 
model builder to make. However, in other contexts, such as a vibrating guitar string, boundary 
conditions are imposed by knowing the physics of the boundaries. The situation is really no 
different here and there should be a more fundamental theory which explains the choice of 
boundary conditions. The case of Dirichlet boundary conditions, = 0, arise from a Higgs 
field where the VEV is taken to infinity, while Neumann conditions, = 0, arise if there 

is no breaking of the gauge theory on the boundary. 


Examples of these results for the boundary conditions can be seen in equations ( 3.18 ) for 
the Abelian model we have already considered. By working in the A 5 = 0 gauge we see that 
the large VEV limit of (j) imposes Dirichlet boundary conditions on the symmetry breaking 
brane at y = L. Eor this Abelian model then, the equations of motions remain: 


Fmn = 0 , 


while the boundary conditions have become 


-^Aislo — 0) 




(4.1) 


(4.2) 


which are all linear in Am and homogeneous. If Am is a solution with string tension y,, then 
XAm is also a solution with tension since the tension is quadratic in the gauge field. 
Intuitively then it is clear that any hypothetical solution. Am, is smoothly connected to the 
vacuum solution with zero tension and Am = 0. There are, therefore, no stable defects with 
only a gauge field. We will make this statement more precise below and show that this is a 


special case of the scaling arguments employed by Derrick’s Theorem |]T|. 

First, though, we consider the large VEV limit of the winding solution we already have for 
the local U{1) breaking with a Higgs field. Recall that we scaled all dimensionful parameters 
by V to make the system dimensionless and as a result, the parameter v made an appearance 
only in the string tension. Therefore, the tension will diverge as y ^ , but the profile of the 

winding will remain constant in the variables used in equations (3.24) to (3.27). In physical 
coordinates then, the size of the string will shrink in the radial direction, r ~ 1/u. In the 
fifth dimension the profile of the string will remain constant since we worked with a variable 
which was also scaled by the size of the extra dimension, {yv)/{Lv), which is constant as v 
grows. We can now see that the Higgsless limit of a broken U{1) gauge theory may contain 
infinitely massive and thin strings, and that no new windings make an appearance. 


4.1 Higgsless Equations of Motion and Boundary Conditions 

We now consider a non-Abelian Higgsless gauge theory. In this subsection we review the 
conditions at the boundaries so that the action is minimized. Consider a generic non-Abelian 
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gauge theory with no scalars: 


S=\£dyJ d^x (4.3) 

where the field strength tensor is defined as usual, 

d^MN = — OnA^i + (4.4) 

Let us vary the action, taking care with any integration by parts and the boundary terms. 
We get 

<55 = £dy I d^x[6A- (<5“5m + A) 

-6A^ (^< 5 “"( 9 ^ + 

+1 d^x6A-f^F^,\lZ^ (4.5) 

Requiring that the variation vanish implies the bulk equation of motion: 

+ gr^^Al,) F^^^ = 0, (4.6) 

together with the boundary conditions 

F ;5 = 0 or ^“=0. (4.7) 

We have used the fact that the metric is mostly minus to raise or lower the 5. 

By varying the action for our gauge theory with respect to the metric, we find that the 
stress-energy tensor is 

Tag = \yapFZ,F-^'^ - FZ^F^^, (4.8) 

and the energy density is always positive: 

a,i o,,i,j 

Now notice that A^{x^, y) = 0 is a solution to the bulk equation of motion as well as to either 
of the possible boundary conditions. Thus, the trivial solution is the lowest energy solution. 
This differs from the case of the scalar field where the 4> = 0 solution had higher energy than 
the n = 0 solution. 

4.2 Generalized Derrick’s Theorem 

By considering a generalization of Derrick’s Theorem (see ref. [^]) in spaces with compact 
extra dimensions we will find that our options for finite energy, time-independent defects 
are quite limited. First, however, we reconsider a simple scaling argument to make sure 


- 19 - 


we understand what happens in finite dimensions. Suppose we have an integral over m 
dimensions of a derivative of some function, for example; 

1 = 1 d^xVlfix), (4.10) 

where we have not yet specified whether these dimensions are compact so the limits have 
not yet been written in. The function / (x) represents some held conhguration which we can 
rescale by replacing it with / (Ax). For A > 1 we are shrinking the conhguration: think of 
/ (Ax) = exp (—A^x^). Now the family of integrals generated by this family of held conhgu- 
rations is given by 


/(A) = 1 d^xVlfiXx), 

(4.11) 

and can be related to the original integral I by substituting 

z = Ax, 

(4.12) 

d^x = X-^d'^z, 

(4.13) 

dx = Xdz. 

(4.14) 

After making this substitution we have 

I{X) = X^-^ J (TzVlfiz), 

(4.15) 


but we must now consider the limits of integration. If the dimensions are inhnite and the 
integral runs over all space then the limits are unchanged by this rescaling of x. This leaves: 

/(A) = A^-™/. (4.16) 

However, if the limits in x run from a to 6 (where these are representing multidimensional 
quantities) then all we can say is; 

pXb 

1(A) = A^-"^ / (z ), (4.17) 

J Xa 

and we are left with no simple scaling relation for the integral. Therefore, in what follows, we 
will only look for scaling arguments in the inhnite dimensions. Of course, if we have a large 
compact dimension which is larger than the length scales of the held conhguration then we 
may be able to treat those dimensions as inhnite so long as changing the limits of integration 
has no impact on the integral. By compact, we mean then, any dimension which is of the size 
of, or smaller than, the held conhguration of interest. 

In an important aside, if the integral I represents an action or an energy which is infinite 
then we must regulate by cutting off the spatial integral. We now see that this will ruin the 
scaling argument. This is why Derrick’s theorem does not rule out the global string which 
has a divergent Lagrangian in an inhnite space. 
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Consider now 1 + d + n dimensions where d spatial dimensions have infinite extent and 
n spatial dimensions have finite extent. The action for a non-Abelian theory with only gauge 
fields is: 

S = ^ J dt J d^^x J , (4.18) 

so that the Lagrangian can be written as 



d^x / d^y 






- 2 


pa 

XiVj 


2i 


— Li + L2 — — Li — L^, 


(4.19) 

(4.20) 


where sums over the gauge and dimensional indices are assumed and we are using a mostly 
minus metric. Each of the Lj are non-negative. Furthermore, we may calculate the energy of 
a static configuration to be the sum of these five terms: 


E = 



(4.21) 


If we seek a finite energy solution, then each of the Li must be finite. 

Let us first consider an Abelian theory and the scaling of the different terms in the 
Lagrangian with three parameters, A, a, and 7 as follows 

aXAo (Ayf, y) (4.22) 

Ay^Aa;, (Ayx, y) (4.23) 

(^7^, y) ■ (4.24) 


Notice that we are looking for time-independent solutions here. With this rescaling of the 
gauge field configuration the Lagrangian scales as 

L (AS^Ai + A^Ls) - XS^L^ - ^^L^ - A^y^Lg] . (4.25) 

Since we seek a solution to the equations of motion, any solution must be stationary at 
IT = 1 = A. By varying a we see immediately that Li = 0 = L 2 . By varying A and 7 , we get 
two equations for the remaining parts of the Lagrangian. Subtracting these two equations 
gives, L 3 -|- L 4 -|- Lg = 0 and we see that they must all vanish (since they are individually 
non-negative). This seems to preclude the existence of defects. However, it really only rules 
out time-independent, finite energy solutions, not time-dependent, non-dissipative or infinite 
energy solutions. 

For a non-Abelian theory, the scaling with 7 will transform the Lg term inhomogeneously: 

- A 7 ' + X^^gr^^A\Al. (4.26) 
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We can therefore only make use of the scaling with a and A. We are left with the constraint: 


(4 - d)L3 - dLi + (2 - d)L^ = 0. (4.27) 

It seems then that static defect solutions may be possible for non-Abelian theories so long 
as d is less than or equal to 4. It would certainly be interesting to find an example of a new 
defect solution in a Higgsless model, but we leave this for future work. 

5. Summary 

We have considered several scenarios of extra dimensions with localized symmetry breaking. 
In the first, the breaking of a global U{1) symmetry by boundary terms forced the scalar 
to acquire a vacuum expectation value (VEV). This system was simple enough that many 
features of the possible static, classical, solutions could be understood qualitatively. The 
magnitude of the VEV could be understood via an effective theory where an integration 
was performed over the extra dimension. However, in the case of windings, the tension in the 
resulting string was less than we would have expected from the effective theory. This happens 
because the winding forces the profile of the scalar in the new dimension to differ from what 
it would have been without the winding. In some sense, the energy density in the core of the 
string is high enough that the string is sensitive to the full 5-dimensional theory. 

The gauge string retained many similarities with the global string. For example, the 
tension of the solution from the full 5-dimension theory was less than that for the equivalent 
4-dimensional effective theory. Due to the finite nature of the tension, in this case, we were 
able to make more meaningful quantitative comparisons between the 4 and 5-dimensional 
theories. A significant qualitative difference is that the gauge string has a winding which 
is nearly constant throughout the bulk of the extra dimension, while the global string was 
exponentially localized on the symmetry breaking brane. 

In both cases, the strings are not going to be able to miss each other in the extra dimension 
since they are both required to have winding of the scalar on the symmetry breaking brane 
and some amount of the winding is carried across the entire bulk of the extra dimension. In 
this sense they are not genuine strings and if the symmetry breaking terms were homogeneous 
throughout the extra dimension they would be 2-branes. It remains an open question as to 
whether or not the structure of the strings in the extra dimension changes the dependence of 
the inter-commutation probability on the string velocity. 

Finally, we looked at the Higgsless limit of the local symmetry breaking and found that 
the string tension scales with the square of the VEV of the scalar and the radius of the string 
scales with the inverse of the VEV leading to massive, thin strings. Through a generalization 
of Derrick’s theorem we showed that there are no new static, finite energy, winding structures 
possible for an Abelian theory. This may provide another way to remove unwanted topological 
defects from a theory. A non-Abelian theory, however, may be able to support windings 
without a Higgs field, but we have not yet investigated this possibility in depth. 
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There are a number of interesting follow-up questions we can ask at this point. First, 
what happens when the internal space is warped, such as in the Randall-Sundrum models 
[^]? We would expect that the existence of a new length scale such as the AdS curvature 
scale would modify both the structure of defects as well as our discussion of how well the 
effective field theory obtained by integrating out the warped extra dimension would account 
for the energy density of the defect. 

A second question, already alluded to above is what happens to baryogenesis in theories 
with localized symmetry breaking or in the Higgsless case. If the energy of the sphaleron is 
modified, this will have a profound effect on the rate of baryon number violation, since the 
energy appears in the Boltzmann exponential. In the Higgsless case, we need to examine the 
theory to see if anything like the sphaleron even exists! 

There are other topics of interest; changes in the evolution of cosmic string networks, for 
example, but we hope that we have persuaded the reader that this line of research will yield 
fruitful new insights into many interesting phenomena. 
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